Langmuir waves and ion-acoustic waves in an unmagnetized plasma are analysed according to Taniuti-Yajima's reductive perturbation method. Both are stable against modulational instabilities. Whistler waves and ion-cyclotron waves in a magnetized plasma are also investigated. Both of these become· unstable and hence form envelope solitons. § 1. Introduction
The self-trapping and instabilities of modulated whistler waves propagating along a uniform magnetic field were first studied by Taniuti arid Washimi.l) Using the fluid model for the cold plasma, they derived a dispersive nonlinear equation (the nonlinear Schrodinger equation) to describe a slow modulation of a carrier wave of small but finite amplitude. This equation takes the same form as the equation appearing in the study of self-focusing in nonlinear optics. They then showed that the solitary wave, that is, envelope soliton exists while the plane wave is unstable against a modulation of amplitude and phase. Mizutani and Taniuti2) extended the theory to oblique propagation of stationary waves to obtain the envelope soliton, and later Mizutani3) derived the nonlinear Schrodinger equation for nonstationary oblique propagation and showed the modula~ional instability. These problems were also investigated by Pataraya.4) However, these works are concerned with the propagation of the ·carrier wave at those frequencies for which the group velocity is equal to the phase velocity. The extension to propagation at an arbitrary frequency is straightforward, and this was carried out, using the method of Taniuti and Yajima,5) by Hasegawa6) for the case of propagation along the magnetic field for all the frequencies of whistler waves and also ion-cyclotron waves. Further, Kako7) has investigated the modulation of carrier waves of arbitrary frequencies for all angles of propagation, so that the results obtained earlier are special cases. In this paper, we present an investigation of nonlinear wave *> Present address: Department of Physics, University of Warwick, Coventry CV 4 7 AL, England, supported by the British Council. modulation as a direct application of the method of Taniuti and Yajima. 5) We include the possibility of Langmuir waves and ion-acoustic waves within our earner waves.
In §2, we give an outline of the perturbation method of Taniuti and Yajima. It is shown then that the nonlinear Schrodinger equation governs the weakly nonlinear modulation of strongly dispersive waves whose dispersion relation is given by linear theory. It is noted, however, that a special treatment is required for a slow mode which arises from the self-interaction of the high frequency carrier waves, because one of the basic assumptions in the general theory is violated for the slow mode.
In §3, Langmuir waves are treated according to Asano et al. 8) These waves are shown to be stable against modulational instabilities. The slow mode is determined by employing the subsidiary condition. In §4, ion acoustic waves are investigated taking into account the effect of dispersion. 9) They are also stable against the modulation instabilities. The slow mode is determined by carrying the expansion to higher order. It is further shown that in the long wave lin1it the modulated waves are oscillatory solutions of the Kortewegde Vries equation as obtained by Washimi and Taniuti.lO) This fact is also shown, in §5, to be true for hydromagnetic waves propagating perpendicularly to an external magnetic field. In §5, we present a general treatment of hydromagnetic waves in a cold plasma. We summarize here some physical aspects of tne problem discussed in Ref. 7) .
For parallel propagation, it is shown that the nonlinear coefficient is negative-definite and that this coefficient is due to a longitudinal plasma motion (which is the slow mode). In other words, it will be zero if one assumes the ion mass is infinite.
For oblique propagation, we first consider the whistler wave. Assuming quasi-neutrality and neglecting the m~ss ratio (though retaining its square root), we find that the coefficients of linear and nonlinear terms are given by those of parallel propagation with wee replaced by wee cos 8, where Wee is the electron-cyclotron frequency and 8 is the angle between the direction of propagation and the uniform magnetic field. The frequency range for the onset of the modulational instability is estfl.blished, i.e., there is a critical frequency, werit=(l/4)wee cos 8, below which the system is stable and it is unstable for the range Wertt<w<wee. It is also shown that for the frequency at which the group velocity becomes equal to the phase velocity, i.e., w=(l/2)wce cos 8, the result reduces to that obtained by Mizutani3) provided the mass ratio is neglected in comparison with unity. We emphasize that the effect of firiite ion mass is essential in the oblique propagation case for the modulation of whistler waves. With the infinite ion mass, the nonlinear contribution comes from the oblique propagation and it makes the system unstable even in the region of small frequencies. For (vA/c)2)>(me/mt)3/2, where VA is the Alfven velocity, the nonlinear coupling due to oblique propagation is greatly exceeded by that obtained when ion motion is also considered.
For oblique propagation of ion acoustic waves, the coefficients of both the nonlinear and dispersive terms are negative. Hence, as in the case of parallel propagation, modulated carrier waves are unstable.
In the case of perpendicular propagation, we investigate only the lower hybrid wave for the sake of simplicity. This wave is stable against modulation instabilities. In the limit of long wavelengths one obtains the Korteweg-de Vries equatio.~ which was first given by Gardner and Morikawa.ll) Noting that the modulation of the strongly dispersive waves of the Korteweg-de Vries equation is similarly governed by the nonlinear Schrodinger equation,12) we compare our nonlinear Schrodinger equation with that resulting from the Korteweg-de Vries equation and find that for long waves the former reduces to the latter. § 2. An outline of perturbation method .In this paper we investigate various quasi-plane waves in a plasma which can be described by two-component fluid equations coupled to the Maxwell equations. We assume that the thermal velocity of each component of the plasma is small enough in comparison with the phase velocity of the waves under consideration and that resonant effects, such as Landau damping and particle trapping by the waves, play a negligible role in the evolution of phenomena. Furthermore, ·spatial variations are assumed one-dimensional so that y-(ofox, 0, 0) throughout the present paper. The general analysis presented in previous papers is applicable, without any important changes, to the nonlinear evolution of plasma waves strongly influenced by dispersion. An important point is that the assumption, det Wo~O, is not valid in most physical systems. This inconvenience, however, can be easily overcome either by employing subsidiary conditions or developing the perturbation procedure to higher order.
Before entering into the detailed calculations for each plasma wave, we review the general analysis. 5) Consider the system of equations
where U is a column vector with components expressing the state of the physical system sufficiently and a matrix A and a vector B which are functions of U. Let U<O> be a constant solution, satisfying
B(U<O>)=O
and now let us consider the expansion of Eq. (1) in the neighbourHood of U< 0 >.
We assume that there exists a solution expanded in terms of a small parameter e of the form
where r and g are slow variables introduced through stretching
We also note that for the coefficients u<a> the reality conditions
If the expansion (3) is substituted into (1) and the coefficients of the various powers of e equated to zero, one obtains a set of coupled equations for the u<a>. To first order we have where Wz= -ilwl +zikAo+P Bo.
The definition of 17 is shown in I. § 6. The condition, det W1=0,
is necessary if Ui 1 ) is to have a non-trivial value. This condition is simply the dispersion relation appropriate to a plane wave. A column vector R and a row vector L are defined as satisfying (9) and (10) so that Ui 1 )=Rcp(l>. Then with the assumption that detWz=O (1~±1) we have U~1)=0 (!~±1).
To second order in e and with 1=1 we get an equation of Ui 2 )
W1Ui
2 )+(-AI+Ao)R a~~> =0.
(11)
Equation (8) (12) This is satisfied if we choose ' A to be the group velocity, 'A=~~-.
Solving equation (11), we have (14) Here 4><2) is a function ofT and g to be determined from the higher equations, and second term is a special solution of Eq. (11), being formed by the comparison of Eq. (11) and the first derivative of Eq. (9) with respect to k.
To second order with 1=2 and l=O, we have TT(2)_R(2U.. (1)2 uz 
Here p and q are constant, and are given as follows:
2 ))R+(P"P" Ao: RR*)R-
Equation (17) is the well-known nonlinear Schrodinger equation, which describes the nonlinear modulation of plane waves. If the two constants of the equation take the same sign, the solution which tends to zero for Jel-+oo is a solitary wave, called an envelope soliton. 5) § 3. Lan~muir wavess>
First of all, we examine the nonlinear evolution of quasi-plane wave disturbances in an electron plasma. The positive ions are assumed to form a fixed neutralizing background of uniform density ni=no=constant. The electrons are described in the electrostatic approximation by the isothermal fluid equations, an a ~aT+ax (nu)=O, (24)
The constant solution U<O> is taken to be (25) After expanding U about this solution u<o>, substituting it into Eq.(l) and collecting the same powers of s, we get to the lowest order equation (6) The column vector R takes the form
Since detW2 does not vanish one can directly determine R~2) from the second order equations with 1=2,
However, detWo obviously vanishes, hence, U/; 2 ) and, consequently, R{, 2 ) cannot be obtained from the general method described above. This difficulty is overcome by means of the subsidiary condition (23). Substituting the expansion ( To the next order in s we have
On the other hand from the second order tern1s in the general expansion of 
With a positive frequency w, the coefficient of the nonlinear term q is always negative while that of the linear term is positive; hence plane Langmuir waves are stable against modulation type instabilities. § 4. Ion acoustic waves9)
• In a two-component plasma composed of cold ions and isothermal hot electrons, there exists an ion acoustic wave propagating with the speed of sound. In the long wave region, this wave has a frequency proportional to its wavenumber, that is no dispersion, whilst the first correction to the frequency for larger wavenumbers is proportional to the cube of the wavenumber. Using this fact and employing the analysis of Taniuti and Wei,13) we find that in the limit of no dispersion the wave is described by the Korteweg-de Vries equation. In the present section, we consider the effect of dispersion and see how a slightly modulated ion acoustic wave with a rather shorter wavelength propagates (we neglect damping processes).
The basic equations are similar to those for Langmuir waves, but equations for an ion fluid with zero temperature must be added and further electron inertia may be neglected for low frequency oscillations of ion acoustic waves. The electron velocity appearing in Eqs. (20) and (22) All quantities in these equations are dimensionless because of the normalization, i.e., nno, vno, (~< Te/mi)V 2 v, (~< Tefe)koE, xfko and t/ko(~<'Te/mi)V 2 are the ion density, the electron density, the ion velocity, the electric field, the space coordinate and the time coordinate, respectively. This set of equations cannot be arranged to be written in the form (1) since in Eqs. (38) and (39) the timederivative of 1.1 and E does not appear. Therefore, we directly expand all quantities into a double series of the form given by (3), namely ordered by powers of the small amplitude and harmonics of a fundamental frequency. The slow variables are still introduced through Eqs. (4) . Picking out terms of the l'th harmonic in the a'th order of e, we get
\ ilkE~a)+-:e E~a-l)_n~a)+v~a)=O.
The solution corresponding to Uo is in this case given by n=v=l, v=E=O, we obtain a set of equations for first order in
0 0
Since we are supposing a wave having a frequency w and a wavenumber k, the foJlowing dispersion relation is obtained from Eq. (44)
and correspondingly the first order solutions rriay be chosen 
provided that U~1) has been assumed to be zero.
To second order in e, we first consider components of l=1,
where W1 is the matrix appearing in Eq. (44) 
L (1, k/w, w/k, -z'w).
This condition determines the parameter A to be the group velocity, (w/k)3.
Then, we have
which is analogous to Eq. (14) .
To second order with l=2, Eqs.(4Q),-.-(43) are directly solved and we find
From the zeroth harmonic components of the second order terms in e, we only have the relations
Later, we fix these quantities by proceeding with the expansion to third order.
M. KAKO.
To third order in s and with l= 1, we have (54) where His a matrix and G is a column vector, namely -( 4+ 6w2-9w4+ 5w6-2w8) /12w
13I
The general dependence of the nonlinear coupling coefficient q on the wavenumber k is illustrated in Ref. 9) . It is always positive while the coefficient p is negative with a positive frequency; hence we do not have a modulational instability for a quasi-plane wave disturbance of an ion-acoustic wave. We now consider solutions in the limit of long wav:es, i.e., k-+0. Noting that in this limit w=k, we have
where C is set zero for simplicity. We should note that the perturbation method we have used is not applicable in a strict sense because the medium becomes non-dispersive for the ion acoustic wave. In spite of this, it is interesting to see that oscillatory solutions of the Korteweg-de Vries equation, which was derived by Washimi and TaniutilO) to describe an asymptotic behavior of ion acoustic waves, agree with those of Eq. (59). The Korteweg-de Vries equation is
where ii is the perturbed ion density and (~, T) are slow variables introduced by ~=p.ll2(x-t) and 7'=p. 
where p, is taken to be unity. Equation (68) Writing the equations in this form, we have taken the direction of the carrier wave to be in the x-axis so that all quantities depend on x and t only and the constant external magnetic field Bo is taken to be in the xy-plane at an angle (} with the x-axis. We seek a solution expanded as in (3) where the constant solution U<O> is characterized by equal densities of electrons and ions, no, and the external magnetic field Bo, i.e., u<o>= no ,
The calculation is so lengthy and tedious that we only give an outline of the solution here.
To first order in e, we define a column vector R in analogy with (28) or ( 46), with a dispersion relation appropriately chosen to represent the carrier wave under consideration. Similarly, the row vector L is determined.
To second order, we get Ui_ 2 ) and U~2) directly, and they have the same general form as (51) and (52a), i.e., These nonlinear coefficients are so complicated for a general direction of propagation that we consider a few particular cases.
1.

Parallel propagation: 8=0
The linear dispersion relation 1s
where either sign may be taken corresponding to right-handed waves (including whistler waves) or left-handed waves. One of the nonlinear coefficients (74a) vanishes while the other is
where a is the ratio of the Alfven velocity to the light velocity, i.e., a=[BB X (47Tno(mt+me)c2)-1]11 2 , and n is the refractive index given by n=kc/w. 
where w, k and >.. are in units of (wciWce) 112 , (wciWce) 112 /ca and ca respectively. Since the nonlinear coupling constant (78) is negative~definite for all positive values of frequency, the stability of the wave modulation is determined by the sign of P=(1/2)82wfok2. Consequently, for the low frequency region w<{wpe, the ion-cyclotron wave (L-wave) is always unstable and the whistler wave (R-wave) is unstable for w>wce/4 (and of course w<wce). We note that in the latter case when the ion mass is considered to be infinite, the nonlinear coupling disappears because qoca2oc1/mi. Hence, it should be noted that the longitudinal slow motion of ions is responsible for the wave modulation of the whistler wave. For a higher frequency region w>wpe, the modu-lational instability does not occur for either L-or R-waves since 8 2 w/8k 2 >0 for all k.
11.
Perpendicular propagatz'on: O=Tr/2
For waves propagating normally across a uniform magnetic field there are four distinct modes, viz., high frequency 0-and X-waves, and two low frequency X-waves. For simplicity, we assume w~e<(w~e' and focus our attention on the wave characterized by an asymptotic frequency (wciWce)112,
The linear dispersion relation for this wave is k2fw2=l/(l-w2), where w and k are in units of (wciWce) 112 and (wciWce) 112 /ca, respectively. This dispersion curve has a negative curvature for all k, i.e., 8 2 w/8k 2 =-3w(w/k)4. On the other hand, from Eq. (74) the nonlinear coupling coefficient q=q2+qo, is given by (79) This shows that q is positive for all allowed frequencies, O<w<l. Consequently, plane waves are always stable. against a small modulation, since p is negative (we note that the linear term -qoC4> is irrelevant to the stability since the replacement of 4> with 4>exp( -qoC) eliminates this term).
In the limit k-+oo, so that w--+1, there occurs the lower hybrid resonance and the nonlinear coupling vanishes, q--+0. In contrast with this, for k--+0, we have q-+3/4w; but because the medium becomes non dispersive, the perturbation method is not applicable there. Nevertheless, we show here again the close relation of the limiting nonlinear Schrodinger equation to the theory of nonlinear long hydromagnetic waves, in which the waves are described by the Korteweg-de Vries equation.ll) This may be seen by carrying out the same procedure as been done for ion acoustic waves. Namely, when we apply the expansion (3) and the stretching (4) 
111.
Oblz'que propagation
Nonlinear modulation of waves propagating obliquely in the external magnetic field is described in principle by the nonlinear Schrodinger equation (73) with coefficients (74). Full expressions are actually quite complicated so that we have to make appropriate approximations for each wave.
First, we consider the whistler wave in the approximation of quasineutrality, i.e., w~e/w~e~:). Also, we neglect the mass ratio f.L2=me/m 1 in comparison with unity. This does not imply that f.L2 is taken to be identically zero. In fact in order to find U~2), a finite ion mass must necessarily be considered: this is automatically done, if f.L is retained in the calculation. After some calculation, the ratio of the nonlinear coefficients given by (7 4a,_,b) is found to be (82)
In the case of a24;._f.L3, we can neglect q2 and will find that qo takes the same form as that in the case of parallel propagation. Hence, one has q=-k/4/..;
the group velocity A=awjak is determined from the dispersion relation
(note that in expression (78) we see that n2 is of the same order as lfa2). Equation ( In view of the coefficients of (85), both the maximum amplitude and the width of the envelope soliton are proportional to the inverse fourth root of the mass ratio (m 1 /me)114. Therefore, we see again that the effect of ion motion is crucial to the nonlinear phenon1ena.
In the contrary case a2)>f.L3, the contribution from the second harmonic must be considered. We have found that the nonlinear coupling coefficient q ts reduced to zero in the limit of p.=O unless one takes into account charge separation. Including this effect we have an expression of q, which is, except for a change in sign, the same form as that presented by Taml4) for the nonlinear frequency shift.
Next, we consider the ion-cyclotron wave propagating obliquely to the field. When we restrict ourselves to nearly parallel propagation, i.e., sin28<{ 2w cosO and also to quasi-neutrality a2<{1, we can neglect q2 compared to-qo and get a simple expression for q -2w(l-w cos 8)-l(l+sin 8f2w), (87) where w is normalized to wet· The dispersion relation n1ay be approximated by k2fw2=l/(l-w cos 8).
(88)
This gives a negative curvature for all k, and since q IS negative we have modulational instability for all k.
